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Abstract 

We present a supersymmetric generalization of the MHV vertex expansion for all tree amplitudes in 
— 4: SYM theory. In addition to the choice of a reference spinor, this super MHV vertex expansion also 
depends on four reference Grassmann parameters. We demonstrate that a significant fraction of diagrams 
in the expansion vanishes for a judicious choice of these Grassmann parameters, which simplifies the 
computation of amplitudes. Even pure-gluon amplitudes require fewer diagrams than in the ordinary 
MHV vertex expansion. 

We show that the super MHV vertex expansion arises from the recursion relation associated with a 
holomorphic all-line supershift. This is a supersymmetric generalization of the holomorphic all-line shift 
recently introduced in arXiv:0811.3624 , We study the large-z behavior of generating functions under 
these all-line supershifts, and find that they generically provide falloff at (Next-to)''MHV level. In 
the case of anti-MHV generating functions, we find that a careful choice of shift parameters guarantees 
a stronger falloff. These particular all-line supershifts may therefore play an important role in 

extending the super MHV vertex expansion to A/" = 8 supergravity. 
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1 Introduction 



On-shcU tree-level scattering amplitudes exhibit a simplicity that is not at all evident from standard Feynman 
diagram calculations. This simplicity can be uncovered using recursion relations for on-shell amplitudes, 
of which the MHV vertex expansion [1] and the BCFW recursion relation [2, 3] are prominent examples. 
Recursion relations express an on-shell amplitude in terms of simpler on-shell amplitudes with fewer external 
legs, thus in principle allowing a recursive computation of arbitrarily complicated tree amplitudes. 

The MHV vertex expansion expresses an amplitude as a sum over diagrams, each of which is a product 
of MHV amplitudes connected by scalar propagators. The individual diagrams depend on an arbitrarily- 
chosen reference spinor \X], but the sum of diagrams is independent of \X]. The MHV vertex expansion is 
a convenient method for computing amplitudes due to the simplicity of its basic building blocks, the MHV 
subamplitudes. The MHV vertex expansion reproduces the correct on-shell tree amplitudes both in pure 
Yang-Mills theory [4] and in TV = 4 SYM theory [5,6]. 

Classes of amplitudes of A/" = 4 SYM theory that are related by supersymmetric Ward identities [7-9] can 
be conveniently packaged into generating functions (also called superamplitudes). A generating function for 
n-point amplitudes depends not only on the momenta pi of the external particles, but also on 4n Grassmann 
variables rjia- (Here, a = 1, 2, 3, 4 is an SU{A) index.) Any particular amplitude can be obtained by acting on 
the generating function with a corresponding Grassmann differential operator [10]. The generating function 
for MHV amplitudes was first given in ref. [11]. Beyond the MHV level, a generating function for A/" = 4 
SYM amplitudes can be represented as a sum over terms involving dual superconformal invariants. At the 
NMHV level, this was carried out in ref. [12]. The generating function for all tree amplitudes of A/" = 4 SYM 
theory was then obtained in ref. [13] by explicitly solving a supersymmetric generalization of the BCFW 
recursion relation [14-16]. Alternatively, a generating function beyond the MHV level can be written as 
a sum over the diagrams of the MHV vertex expansion. At the NMHV level, this form of the generating 
function was first presented in ref. [17]. For general tree amplitudes in A/" = 4 SYM theory, an explicit 
representation of the generating function associated with the MHV vertex expansion was derived in ref. [6] . 

In this paper we present an alternative representation for Af ~ A SYM generating functions, based 
on a new recursion relation, the super MHV vertex expansion. The super MHV vertex expansion is a 
natural generalization of the ordinary MHV vertex expansion, and can be derived from a supersymmetry 
transformation acting on the latter. The diagrams of the super MHV vertex expansion depend not only 
on a reference spinor \X], but also on an arbitrarily-chosen set of four reference Grassmann parameters 
Vxa- The sum of diagrams is, of course, independent of these choices of reference parameters. With the 
choice r]xa = 0, the super MHV vertex expansion reduces to the ordinary MHV vertex expansion, but for 
well-chosen values of rjxai the super MHV vertex expansion contains significantly fewer diagrams. It can 
thus be used to simplify the computation of both generic and pure-gluon amplitudes. 

The computational simplification occurs because each of the four rjxa can be chosen to eliminate all 
diagrams from the super MHV vertex expansion which contain an internal line with a particular momentum 
channel. As the same momentum channel generieally occurs in many diagrams, and as four distinct channels 
can be eliminated, many diagrams can be made to vanish in this way. Surprisingly, even the computation of 
pure-gluon tree amplitudes, which coincide with gluon amplitudes of gauge theory with no supersymmetry, 
can be simplified using the super MHV vertex expansion. We illustrate the simplified computation of 
amplitudes and the counting of eliminated diagrams in examples^ 

Recursion relations can be derived from the analytic behavior of an on-shell amplitude under a complex 
shift of its external momenta, and different shifts generieally lead to different recursion relations [3,4]. 
Recursion relations were initially developed using shifts of a subset of the external momenta. However, the 
ordinary MHV vertex expansion most naturally follows from a holomorphic all- line shift, which deforms all 
the external momenta [6] . 

^ For a quantitative comparison of the number of diagrams in the super MHV vertex expansion to the ordinary MHV vertex 
expansion, the reader is referred to table [T] in section [3.41 
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We show that the super MHV vertex expansion introduced in this paper follows naturally from the 
behavior of generating functions under a holomorphic all-line supershift. This supershift is a generalization 
of the holomorphic all-line shift presented in ref. [6] , and it shifts not only the external momenta but also the 
Grassmann variables rjia appearing in the generating functions. This is analogous to the generalization of the 
BCFW two-line shift to the two-line supershift recently introduced in ref. [14-16] and applied in ref. [13]. We 
prove that TV = 4 SYM generating functions beyond the MHV level vanish when the complex shift parameter 
z of the all-line supershift becomes large. This supershift therefore yields a valid recursion relation, which in 
turn generates the super MHV vertex expansion. As in the super BCFW recursion relation, which follows 
from the two- line supershift, the diagrams in the super MHV vertex expansion of an amplitude do not have 
an immediate interpretation as products of ordinary tree amplitudes. Specific amplitudes, however, are 
readily computed directly from the generating function. 

We examine the behavior of anti-MHV generating functions under holomorphic all-line supershifts in 
detail, and find that the falloff at large z is faster when the choices of reference spinor \X] and Grassmann 
parameters rjxa are correlated in a certain way. The analysis of this special case is motivated by a possible 
future application of all-line supershift recursion relations to A/" = 8 supergravity. In fact, as we will argue, 
the extra suppression implies that a super MHV vertex expansion for TV = 8 supergravity must exist at least 
for all anti-MHV amplitudes. 

This paper is organized as follows. In scction[2l we review MHV amplitudes and the concept of generating 
functions in TV = 4 SYM theory. In section[3l wc present the super MHV vertex expansion as a generalization 
of the ordinary MHV vertex expansion. Wc discuss its properties and demonstrate how it can simplify the 
computation of amplitudes. We introduce holomorphic all-line supershifts in section ID We study the large z 
behavior of generating functions under these shifts both for generic and special choices of shift parameters. 
In section [SJ we show that the super MHV vertex expansion arises from the recursion relations associated 
with holomorphic all-line supershifts. Finally, in section [6l we discuss the relation of our work to other recent 
developments. We also comment on the prospects of generalizing the super MHV vertex expansion to TV = 8 
supergravity. 



2 Review 

The simplest on-shell amplitudes in TV = 4 SYM theory are n-point MHV amplitudes. The MHV sector 
contains amplitudes with negative helicity gluons on two lines and positive helicity gluons on the remaining 
lines, together with all amplitudes related to these by supersymmetry. An 7i-point MHV amplitude takes 
the simple forn|l 

^:f«V(l,...,n) = {■■■){■■■){■■■){■■■) ^-^^ cyc(l,...,7.) = n(*,z + l). (2.1) 

cyc(^i, . . . , nj 

The four angle brackets (. . .) in the numerator depend on the choice of states on the external lines 1, . . . , n. 
For the pure-gluon MHV amplitude with negative helicity gluons on lines i and j, for example, the numerator 
takes the form {ij)^, and we obtain the well-known Parke- Taylor formula [18]: 

AT''{.■■^-■■3-■■) - (2.2) 

cyc(l, . . . ,n) 

All n-point MHV amplitudes can be conveniently encapsulated in the 7i-point MHV generating function 



^Throughout this paper, we use the spinor-hehcity formahsm, with the conventions summarized in appendix A of ref. [10]. 
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(or superamplitudc) [11] 



_^MHV(^^^) - ^'!yc?:! .''iT^ "^'^ ^^^^ (E - ^ n E {^^)^l^<^ma • (2.3) 



cyc(l, . . . ,n) 



a = l i,i = l 



Specific amplitudes may then be extracted from J'}^^^ [Tlia] by acting with an eighth-order Grassmann 
differential operator Z)'®^ built from operators associated with the external states of the amplitude: 

^r^(l,...,n) = i^W^r^(^,J. (2.4) 

The Grassmann differential operators associated with a particular choice of external particle on line i, in 
order of increasing helicity, are given by [10]: 

D- = , D"^'^ = , D"'' = — , = — , D+ = 1. 

(2.5) 

The indices a,b,c = 1, ... ,4 on the operators Df'"^, Df'^, and Df associated with scalars and gluinos are 
SU{4) indices, and distinct choices of SU{A) indices correspond to distinct choices of scalars and gluinos. 
The pure-gluon MHV amplitude with negative helicity giuons on lines i and j given in eq. (|2.2[) is now readily 
obtained from J^^^^(7?ia) as 

i^w = d^d; =^ ^r^(...z-..j-..) = D^DTTT^'ima) = ^ .f^' (2.6) 

cyc^i, . . . ,n) 



All non-MHV n-point amplitudes may be classified as (Next-to)*''MHV amplitudes for integer k between 1 
and n — 4. d The N'^'MHV sector contains amplitudes with k + 2 negative helicity giuons and n — A: — 2 positive 
helicity giuons. together with all amplitudes related to these by supersymmetry. All N'^'MHV amplitudes 
may also be packaged into generating functions J-^ ^^^{Via), from which a specific amplitude may 
be extracted through 

^«^(1, . . . , n) = ^«V(^.J . (2.7) 

The order 8 + 4fc Grassmann differential operator is built from a product of operators in (|2.5p 

associated with the states on each external line i. 



3 The super MHV vertex expansion 

In this section, we explain the super MHV vertex expansion and explore its consequences. In section I3.1[ 
we review the ordinary MHV vertex expansion for NMHV amplitudes and present the super MHV vertex 
expansion as its generalization. We also show that the sum rule recently found in ref. [6] is an immediate 
consequence of this expansion. We demonstrate in section 13.21 that the reference Grassmann parameters 
of the super MHV vertex expansion can be chosen so as to simplify NMHV amplitude computations. In 
section [3?3l we generalize the super MHV vertex expansion to all tree amplitudes in A/" = 4 SYM theory, and 
in section [3.41 we analyze the computational simplifications for general tree amplitudes. 



3.1 NMHV amplitudes 

The ordinary MHV vertex expansion [1] gives a simple prescription to compute arbitrary tree-level amplitudes 
in A/" = 4 SYM theory. At the NMHV level, for example, one is instructed to sum over all possible diagrams in 

^ The maximal value fc = n — 4 corresponds to anti-MHV amplitudes, which can be expressed as in eq. 1)2. but with angle 
brackets replaced by square brackets. 
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Figure 1: The diagrams of the MHV vertex expansion at the (a) NMHV, (b) N^MHV, and (c) N^MHV 
level. 



which an n-point NMHV amplitude A^^^^ can be split into two MHV subamplitudes Ii and I2 , connected 
by an internal line of momentum Pa (see figure [TJi) . Each diagram is characterized by the subset a of 
external lines whose momenta flow into the internal line, i.e. 

In fig.[lJi, the set a thus consists of all external lines on subamplitude The sum over diagrams gives the 
desired NMHV amplitude: 

diagrams a ^ 

The momentum of the internal line is not null, and we thus need to explain how to treat the angle 
brackets \Pa) which are needed to compute the MHV subamplitudes in eq. p.2[) . The CSW prescription [1] 
instructs us to use 

\Pa)=Pa\X], (3.3) 

where \X] is an arbitrarily chosen reference spinor. Each diagram in cq. (|3.2p will generically depend on the 
choice of \X], but their sum is guaranteed to reproduce the correct amplitude independently of the chosen 
reference spinor [4,5]. 

All 71-point NMHV amplitudes can be packaged into an NMHV generating function, in terms of which 
the MHV vertex expansion (|3.2p may be written as [17] 

■^n [V^a)- 2^ cyc{h) P^ Cyc{h) 1 1 2^ ' ^^'^^ 

diagrams Q ^ ^ ' a J \ ) a=l iea 

Any particular NMHV amplitude can be obtained from this expression by using eq. (|2.7p with k = \. 

To define a supcrsymmctric generalization of cq. (|3.4p . we first recall that supercharges \Q°'\ and \Qa) 
were defined in ref. [10] as 

IQ,) EE ^|z),y,,, (3.5) 

i—l i—l 



'^Note that all external momenta pi are outgoing in our conventions, which explains the direction of the arrow on the internal 
line Pni. 
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(3.6) 



On a function f{ijia), generates the SUSY transformation 

fima ) > fima ) = CXp([Q"ea]) /(?7»q) f {tlta + [^a i]) 

and in particular 

•^n (77jaj = CXp([Q eaJjJ^„ [ma) ^ J'n [ma + [Sa l\) ■ (3.7) 

But since the generating function (|3.4p encodes on-shell amplitudes, it must be SUSY invariant H 

[g''ea]^„^""V(77„) =0. (3.8) 



Therefore, although each individual diagram in (|3.4p transforms non-trivially under supersymmetry, the 
function ^^^^^(?7io) is equal to -^^^^^(??m) after summing over diagrams. Thus ^n^^^ {rjia) is a valid 
generating function of NMHV amplitudes in TV = 4 SYM theory. 



Let us now choose 



[ea\ = [Y\vxa with [XY] = 1, 



(3.9) 



where we picked the normalization condition for later convenience. Then !F^^^^ {rjia; Tjxa), defined through 
eqs. p.7p and (|3.9|) . is the super MHV vertex expansion of the NMHV generating function. Using 



(3.10) 



J2(iPa'^(v,a + [Yi]vxa) = + [Yi]{i\Pc.\X]7JXa 

= '^{iPa)riia + Pa VXa , 



the super MHV vertex expansion takes the simple forr 



•NMHV 



{r\ia\r\Xa) = 



E 



diagrams a 



^'^'\Y.l=A^ma) 

Cyc(/l)P2cyc(/2) 




(3.11) 



The individual terms of eq. (|3.1ip depend both on a choice of reference spinor \X\ and on a choice of four 
reference Grassmann parameters rjxa- For any choice of \X] and ryxa, ^n^^"^ iVia'jVXa) is the generating 
function of NMHV amplitudes, which are obtained, as in eq. (|2.7p . by applying the twelfth-order Grassmann 
differential operator D^^^^ associated with the external states of the amplitude: 



A. 



NMHV 



(l,...,n) = 7^(i^)^r"^(^.,;^x,). 



(3.12) 



If the Grassmann differential operators in Z?^^^' do not act on T]xa, eq. (|3.12[) reproduces the ordinary 
MHV vertex expansion. However, if we choose each rjxa to be a linear combination of the Grassmann 
variables 

^la; ■ ■ ■ ^Vna associatcd with external states, then the operators in D^^^^ do indeed act on 7]xa- 
With such a choice, ^^^^^ iVialVxa) is, diagram by diagram, a sum of twelfth-order monomials in the 
Grassmann variables rjia, each monomial containing three powers of rjia for each fixed SU{4) index a = 
1,2,3,4. While eq. ([Ml) guarantees the equivalence of T^^^^ {r),a;Vxa) and J^^mhv^^^^^)^ ^j^^y ^^^^ 
distinct diagrammatic expansions for amplitudes. Therefore the super MHV vertex expansion is a non-trivial 
generalization of the ordinary MHV vertex expansion when each rjxa is chosen as some linear combination 
of the external rjia- 

As ^n^^^ {riia',rixa) is independent of r]xa after summing over diagrams, its derivative with respect to 
each rjxa must vanish. We can thus derive sum rules from eq. (|3.1ip by differentiation. A particularly 
interesting sum rule can be obtained by differentiating off the entire dependence of ^^^^"^ iVia'jVXa) on 



^ For the NMHV generating function in the representation 113. 4| I. this was confirmed expUcitly in ref. [10]. 

® For rixa = 0, the super MHV vertex expansion I I3.11I I manifestly reduces to the ordinary MHV vertex expansion 13.411 . 
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Vxa, yielding 



r 4 







n 



d 



drixa 



(3.13) 



diagrams a 

Pulling out an overall diagram-independent factor of l*}^ia)/cyc(l, . . . , n), we obtain 

cyc(l, ...,n) 



diagrams a 



Cyc(/i)P2cyc(/2) 



(3.14) 



This is the main sum rule derived in section 8.4 of ref. [6], which now finds a natural interpretation as an 
immediate consequence of the rjxa independence of the super MHV vertex expansion. 



3.2 Simplified NMHV amplitude computations 



At first sight, the rjxa dependence of the super MHV vertex expansion (j3.11[) may seem like an unnecessary 
complication. This would suggest that the choice T]xa = 0, which reduces it to the ordinary MHV vertex 
expansion, is most convenient. However, inspection of eq. p.lip shows that we can choose the rjxa in such a 
way that certain diagrams in the generating function vanish identically. For example, pick any four diagrams 
in the MHV vertex expansion and denote them by /3i , /32 , /^a , and /34 . By choosing 




(3.15) 



we guarantee that the four diagrams Pa no longer contribute to the sum over a in the generating function 
^n^^"^ iViaiVXa)- Notc that this implies that these four diagrams do not contribute to any amplitude 
^NMHV computed from eq. (j3.1ip . We have chosen each 7]xa as a different linear combination of the rjia, to 
maximize the simplification. We obtain 



NMHV 



ima;ilXa) 



= E 

diagrams 



Cyc(/i)P2cyc(/2) 



iPa)riia - 



p2 



(3.16) 



Here, we have explicitly excluded the diagrams (3i,. . . ,Pi in the sum, as diagrams with a = Pa involve a 
vanishing factor in the product over a and therefore do not contribute. At the NMHV level, the super MHV 
vertex expansion thus allows us to eliminate four diagrams. As we will see below, many more diagrams can 
be eliminated at higher N'^'MHV level. The simplification thus grows with increasing level in k. For now, let 
us illustrate the power of the super MHV vertex expansion in the form (j3.16p with an example. 



Example: NMHV 5-point amplitudes 

As the simplest example, let us consider the NMHV amplitude with n = 5 external lines. (Five-point NMHV 
amplitudes can be treated as anti-MHV, which provides a consistency check on our calculation. Note that 
it is our goal to illustrate the advantages of the super MHV vertex expansion over the ordinary MHV vertex 
expansion with this example; we do not expect to achieve simplifications compared to the trivial anti-MHV 
computation.) Five diagrams contribute to the ordinary MHV vertex expansion for the NMHV 5-point 
amplitude (see figured^). With the choice (|3.15p for rjxa, we can eliminate four of these from the super 
MHV vertex expansion. For dcfiniteness, we choose 

/3i = {l,2,3}, /32 = {2,3}, /33 = {5,1}, /34 = {5,1,2}. (3.17) 
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(a) (b) 

Figure 2: (a) The five diagrams contributing to the ordinary MHV vertex expansion of 5-point NMHV 
ampfitudes. (b) The single remaining diagram that contributes to the super MHV vertex expansion. 



The unique diagram which then contributes to {rjia'^VXa) is the diagram a = {1,2} (see figure [TJd). 

Expficitly, eq. (|3.16p gives 



NMHV 



(12)(2Pi2)(Pi2l) Ph (34)(45)(5Pi2)(Pi23) 



(3.18) 



To test this generating function, let us compute the gluon amplitude yl5(l+,2+,3 ,4 ,5 ). Since this 
amplitude is anti-MHV, the conjugate of the Parke- Taylor formula immediately gives 



A5(l+,2+,3-,4-,5-) 



[12]^ 



[12] [23] [34] [45] [51] 



(3.19) 



Computing this amplitude with the ordinary MHV vertex expansion, however, is messy and the simple 
result (|3.19p is difficult to obtain analytically. Four diagrams contribute to its expansion; in fact, precisely 
the four diagrams /3i,...,/34 listed in eq. (|3.17p . In the super MHV vertex expansion the computation 
simplifies dramatically. Acting with D^D^D^ on eq. (|3.18p . we find 



NMHV 



Odd 



\ = l k^3)mama {lPl2)Vla + (2Pl2)r?2a " (^'2/^!) Efe6/3„ {kPffJVka 



(12)(2Pi2)(Pi2l) P/2 (34)(45)(5Pi2)(Pi23) 



(3.20) 



Consider first the factors a = 1 and a = 2. In both cases, the derivatives with respect to 774^ and rj^a must 
act on the first factor, and we obtain 

d d ^ 1 ^ 

^-B;ra;r U E (*j>^»'?.J [(i^i2)'?ia + (2Pi2).y2a - (p^2/^|J E ikPp^)^^^ 



^ [12](12)(3Pi2) 

^123 



[45] 



(45):J(3P23) 

^23 



(45) [12] (12) [2X] _ (45)[12](lPi2) 



for a = 1 . 



for a ~ 2 . 



(3.21) 



[23] [23] 

The remaining cases a = 3 and a = 4 follow by relabeling from the cases a ~ 2 and a = 1, respectively. We 
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obtain 



([12](12)(3Pi2)/[45]) ■ (~(45)[12](lPi2)/[23]) ■ (-(34)[12](2Fi2) / [51]) ■ ([12](12)(5Pi2) / [34]) 

(12)(2Pi2)(Pi2l) (34)(45)(5Pi2)(Pi23) (3.22) 

[12]4 



[12] [23] [34] [45] [51]- 

Wc have thus reproduced the simple anti-MHV result (|3.19p . 

The simplicity of this computation was not just a consequence of our particular choice of external states. 
In fact, the generating function Tf^^^{riia;rixa) can be manipulated to explicitly obtain the anti-MHV 
generating function. For example, the a = 2 factor in eq. (|3.18p gives 

{lPl2)Vla + {2Pl2)V2a - -3i{2P23)V2a + (3P23)??3a 
-^23 ^ ^ 

= A.([23](lPi2)?]ia - (12) ([23] [IX] + [12][3X])r?2a + [12] (12) [2X]r73a) (3.23) 

^ (1^12) 
[23] 

where we used the Schouten identity ] 1] [23] + cyclic = . The other terms can be treated analogously. The 
resulting prefactors {iPi2) cancel the four ]X] -dependent angle brackets in the denominator of eq. (|3.18[) . 
and we obtain 



;23]7;ia + [31]772a + [12]773a , 
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^ ,.,,2m^n^ r n H ([23]^^ + mV2a + [12]ma) U ([25],n, + [51]r;2a + [12]^5a) , (3.24) 
(45) (34) lli^i ]»,«+!] a=i a=3 

which is equivalent to the anti-MHV generating function for the 5-point amplitude presented in [5, 19] 

To see this equivalence, we notice that the lines 1 and 2 that are arbitrarily singled out in eq. (|3.25p can in 
principle be chosen differently for each value of a. In eq. (|3.24p . lines 4 and 5 are singled out for a = 1,2, 
and lines 3 and 4 are singled out for a = 3, 4 . 

NMHV amplitudes with n > 6 external states 

For n > 6 external states, more than one diagram contributes to the super MHV vertex expansion of the 
NMHV generating function. For 71 = 6 (n = 7) there are a total of 9 diagrams (14 diagrams) in the ordinary 
MHV vertex expansion. As four of these diagrams can be made to vanish by choosing rjxa as in eq. (j3.15|l . the 
super MHV vertex expansion eliminates almost one-half (one-third) of the diagrams. Many more diagrams 
can be eliminated for N'^MHV amplitudes with fc > 1, and we proceed to this case now. 



3.3 All tree amplitudes 

For a general n-point (Next-to)'°MHV tree amplitude Af^ mhv^ ^t^^ ordinary MHV vertex expansion instructs 
us [1] to sum over all possible diagrams in which the amplitude can be split into k + 1 MHV subamplitudes 
Ii, l2,- ■ ■ , Ik+i , connected by k internal lines of momenta Pa^, . . . ,Pak- (See figures [It and[TJ: for the types 
of MHV vertex diagrams which can occur at N^MHV and N^MHV level, respectively.) Each dia gram is 
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characterized by the subsets ai, . . . , afe of external hnes whose momenta flow into the internal lines, i.e. 

Po., = Y.P^- (3.26) 



The sum over all possible such MHV vertex diagrams gives the desired N'^MHV amplitude: 



^r^HV(l,...,n) 



E 



MHV diagrams 

{Qi,...,afc} 



P2 . . . p2 

"1 "fe 



(3.27) 



with the CSW prescription understood for each occurrence of the angle spinors \Pai,) in eq. ()3.27p : 

|P„J^P„JX]. (3.28) 
The generating function associated with the ordinary MHV vertex expansion is [6] 



MHV diagrams 

{Qi,...,afc} 



cyc(/i)---cyc(4+i) j-j-^ 



n E i^P'^A^a 
"A a=lii£aA 



(3.29) 



To obtain the super MHV vertex expansion, we act with a SUSY transformation on the generating 
function ((3?29| : 



^"^(^«) = exp([Q^ e.]) ^,r^«^(^„) = ^r'^"^(^.. + [^a ^]) 



(3.30) 



For the SUSY parameter, we again choose the [ea\ defined in eq. 
for the N'^MHV generating function then takes the simple form 



The super MHV vertex expansion 



[riia,rixa) 



MHV±:,a„. ^y'^(^l) ■ ■ ■ Cyc(4 + l) 

{ai,...,ak} 



ieaA 



(3.31) 



Acting on ^^'^'^^^(t^m; Jyxa) with the order 8 + 4fc Grassmann differential operator associated with 

an amplitude mhv^ obtain, diagram by diagram, the super MHV vertex expansion for that amplitude. 



3.4 Simplification of general amplitude computations 

To simplify general amplitude calculations, we choose the same strategy as in section [3.21 above. By picking 
rjxa as in eq. (|3.15p for some choice of channels /3i, /32, /^s , and Pi, all MHV vertex diagrams for which any 
internal line a a coincides with any Pa vanish: 



OLA — Pa for any A — 1, . . . , /c , and any a — 1, . . . , 4 =^ diagram vanishes . 



(3.32) 



For generic amplitude computationf0 the super MHV vertex expansion is most efficient if we maximize the 
number of diagrams which vanish by eq. (|3.32p . Different choices of Pa can lead to a different number of 
vanishing diagrams. Two simple guiding principles should be used for the choice of Pa'. 



If wc want to use the super MHV vertex expansion to compute only one specific amplitude, or a specific class of amplitudes 
(such as pure-gluon amplitudes), a different strategy is advisable. See discussion below. 
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k = 1 


k = 2 


k = 3 


k = 4 


k = 5 


n = 5 


onO/ ordinary: 5 
OU /o super: 1 










n = 6 


AA<y ordinary: 9 
super' 5 


o-i ordinary: 21 
Ol /O super: 4 








n ~ 7 


OQfy ordinary: 14 
/O super: 10 


f^Qfi/ ordinary: 56 
/O super: 23 


0/ ordinary: 84 
/o super: 15 






n^8 


OnQ/ ordinary: 20 
/o super: 16 


A AG/ ordinary: 120 
44/0 super: 67 


fifjq/ ordinary: 300 
/O super: 103 


00 0/ ordinary: 330 
00 /o super: 57 




n = 9 


1 rO/ ordinary: 27 
/O super: 23 


0/ ordinary: 225 
o4 /o super: 148 


r 00/ ordinary: 825 
Do /o super: 387 


fOQ^ ordinary: 1485 
Oy /o super: 453 


000/ ordinary; 1287 
00 /o super: 219 


n = 10 


1 1 ordinary: 35 
super: 31 


070/ ordinary: 385 
super: 280 


A AO/ ordinary: 1925 
super: 1085 


rnO/ ordinary: 5005 
oy /o super: 2065 


790/ ordinary: 7007 
super: 1967 


n = 11 


qq/ ordinary: 44 
super: 40 


00 ordinary: 616 
■^■^^G super: 479 


of{0/ ordinary: 4004 
oD/o super: 2545 


rrtO/ ordinary: 14014 
OU /o super: 6989 


£?oO/ ordinary: 28028 
Do/o super: 10483 


n 12 


r^o/ ordinary: 54 
' super: 50 


1 SQ/ ordinary: 936 
^^/^ super: 763 


01 ()/ ordinary: 7644 
■^^/^ super: 5285 


A 00/ ordinary: 34398 
^'^/^ super: 19537 


c- r q/ ordinary: 91728 
^'^/^ super: 41447 


n 13 


/^(>/ ordinary: 65 
super: 61 


1 ^aQ/ ordinary: 1365 
^^^^ super: 1152 


9(^0/ ordinary: 13650 
^"/C super: 10038 


000/ ordinary: 76440 
'^^/C super: 47712 


1 ordinary: 259896 
'^o/^ super: 134316 


n=U 


cO/ ordinary: 77 
super: 73 


1 qO/ ordinary: 1925 
^'^'^ super: 1668 


rjqO/ ordinary: 23100 
^'^/^ super: 17802 


000/ ordinary: 157080 
'^'^/^ super: 105288 


A qO/ ordinary: 659736 
^'^^^ super: 376908 



Table 1: Comparison of the number of diagrams in the ordinary MHV vertex expansion and the super MHV 
vertex expansion for n-point N'^MHV amphtudes in the range n = 5, . . . , 14 , fc = 1, . . . , 5 . The percentage 
of eliminated diagrams is also displayed. (Amplitudes which are anti-N'^MHV with q < k and thus more 
efficiently computed using an anti-MHV vertex expansion are displayed in gray.) 

1. The channels Pa should appear in as many MHV vertex diagrams as possible. 

Consider 10-point N^MHV amplitudes. The channel a = {1,2,3,4,5} occurs in 123 distinct MHV 
vertex diagrams, while the channel a = {1, 2} occurs in 225 different diagrams. The choice Pi = {1, 2} 
is thus more efficient because it eliminates 102 more diagrams than /3i = {1, 2, 3, 4, 5}. 

2. The channels /3a should, as far as possible, not occur in the same MHV vertex diagrams. 

In the 10-point N'^MHV example, f3i = {1,2} and (32 ~ {2,3} cannot occur together in any MHV 
vertex diagram. The channels (3i = {1,2} and /?2 = {3,4}, on the other hand, appear together as 
internal lines in 20 different MHV vertex diagrams. In this case, P2 eliminates 20 diagrams that were 
already eliminated by /?i . The total number of eliminated diagrams is thus reduced by 20 as compared 
to the choice /3i = {1,2}, ^2 = {2, 3}. 

Whether two channels f3i, (32 can occur together in an MHV vertex diagram can be easily tested. If, 
possibly after using the freedom to relabel (3i Pi and P2 ^ P2, the sets /?i and /?2 do not share any 
external lines (102 = then they can appear as internal lines in the same MHV vertex diagramlf] 

In table [1] we summarize the number of diagrams eliminated from the generating function for various choices 
of n and fc. For simplicity we always used the choice 

/3i = {l,2}, /?2 = {2,3}, /33 = {3,4}, /34 = {4,5} (3.33) 

for the counting of super MHV vertex diagrams in table [TJ 

The number of diagrams of the ordinary vertex expansion at n-point N'^'MHV level is given [20] by the 
expression M{n,k) = ^("-3)("+fc-i). The number of dia grams of the super MHV vertex expansion for 
the choice p.33p is then given by the expressior@ 

S{n, fc) = M{n, fc) - 4M{n - 1, fc - 1) + 3M(n - 2, fc - 2) . (3.34) 

* Here, /3a denotes the complement of the set f3a, regarded as a subset of all external lines {1, . . . , n}. 

®We thank Marcus Spradlin for a question which prompted us to derive this expression after vl of this paper was submitted. 
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Using these analytic expressions for M(n,k) and S{n,k)^ the ehmination ratio 1 — S/M, which is also 
displayed in table (TJ can be easily analyzed. While the percentage of eliminated diagrams decreases with n 
at fixed fc, the elimination ratio increases along the diagonal, when k and n are increased simultaneously. 
Generically, the computationally most challenging amplitudes are gluon amplitudes with an equal number of 
negative and positive helicity legs (and amplitudes related to these by supcrsymmetry). For these 2TO-point 
]\j(m-2)]yjjjY amplitudes, the elimination ratio remains non-zero even for m — > oo, approaching 11/27 ~ 41% 
in this limit. 

Pure gluon amplitudes 

If we consider the computation of a particular A/" = 4 SYM amplitude, not every diagram contributes to 
its ordinary MHV vertex expansion. In fact, there are diagrams for which no assignment of states to the 
internal lines can turn all subamplitudcs in the diagram into MHV vertices. A simple example is the 6- 
gluon amplitude ^^'^"^(l", 2", 3", 4+, 5+, 6+), to which the diagrams a = {4,5,6}, {4,5}, and {5,6} do 
not contribute, because the subamplitude containing the three negative helicity gluon lines 1, 2, 3 cannot be 
MHV. More generally, each SU (4) index a imposes constraints on the possible diagrams that contribute, and 
forces certain diagrams to vanish. For pure-gluon amplitudes, all SU (4) indices appear on the same lines, 
and they thus all impose the same constraints. Therefore, many more MHV vertex diagrams contribute to 
pure-gluon amplitudes than to generic J\f = A SYM amplitudes. 

In the super MHV vertex expansion, we choose the 'qxa to eliminate diagrams. Such a choice, however, 
can cause diagrams to reappear that would have been absent in the ordinary MHV vertex expansion. We 
witnessed this phenomenon in the example of the 5-point NMHV amplitude >l^^^^(l+, 2"*", 3~, 4~, 5~) 
discussed in section 13.21 There, the only diagram contributing to the super MHV vertex expansion was 
a = {1,2}, precisely the diagram that would not have contributed to the ordinary MHV vertex expansion. 

If we are interested in one particular pure-gluon amplitude, and many diagrams for that amplitude 
already vanish in its ordinary MHV vertex expansion, it is advisable to pick only three channels /3i,/32,/?3, 
and to set r^xA — 0. The constraints from the SU{A) index a ~ 4 then still enforce the vanishing of diagrams 
absent in its ordinary MHV vertex expansion. 

As an example, consider the 8-point N^MHV amplitude ^^^''^"^(1", 2", 3", 4", 5+, 6+, 7+, 8+). Forty- 
four out of 120 diagrams contribute to its ordinary MHV vertex expansion. We can eliminate 22 further 
diagrams by choosing (3i ~ {3, 4}, (32 ~ {3, 4, 5}, and ~ {4, 5} . The super MHV vertex expansion of this 
amplitude thus only contains half as many non-vanishing diagrams as the ordinary MHV vertex expansion. 
Although we could only use three of the Pa to eliminate channels, this elimination ratio of 50% is even better 
than the generic ratio of 44% given in table [T] for the 8-point N^MHV level. Despite its supersymmetric 
origin, the super MHV vertex expansion is thus no less powerful when applied to QCD amplitudes. 

4 All-line supershifts 

In the next two sections, we will show that the super MHV vertex expansion presented above follows 
naturally from the recursion relation associated with holomorphic all-line supershifts. In the current section, 
we motivate and define holomorphic all-line supershifts, and study the behavior of generating functions under 
these supershifts. 

Supershifts were introduced in ref. [14-16] as a generalization of an ordinary two-line shift in the BCFW 
approach [3]. An ordinary BCFW shift [p,q) is defined as 

\p] \p] + z\q] , \q) \q) - z\p) , (4.1) 

with all other angle and square spinors remaining unshifted. Under such a shift of spinors, the scattering 
amplitude acquires a dependence on z. If the shift is such that the deformed amplitude A{z) vanishes as 
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z oo, then the shift gives rise to a vahd BCFW recursion relation for the amphtude. In ref. [3], it was 
shown that the vahdity of a shift depends on the hehcities of the hnes p and q participating in the shift. 
Consequently, the generating functions, which encode amplitudes of all helicities, will not generally vanish 
at large z under a BCFW shift, though the coefficients of some of its 77-monomials will. 

A BCFW supershift [p, q) is a generalization of eq. (|4.ip that acts on Grassmann variables as well [13-16]: 

\p] ^ \p] + z\q], \q) ^ \q) - z\p), TJpa Vpa + zr]qa , (4.2) 

with all other angle spinors, square spinors, and Grassmann variables r]ia remaining unshifted. The advantage 
of the supershift is that l*)'7ia remains invariant, which improves the large z falloff of generating 

functions under this shift. For example, the MHV generating function 

cyc(l,...,n) ^^-^^ 

vanishes at least as 1/z for large z, for any choice of lines p and q (it goes as 1/z^ if p and q are not 
adjacent). This behavior generalizes beyond the MHV level. Indeed, all generating functions J-^ '^^^(?7m) 
vanish at large z for any choice of lines p and q and hence may be represented by super BCFW recursion 
relations [13-16]. 

The MHV vertex expansion of an amplitude, on the other hand, may be derived from a holomorphic 
shift, i.e. a shift that acts on square spinors only and leaves all angle spinors invariant. A holomorphic 
all-line shift was defined in ref. [6] as 

\i] \i] + z Ci\X], for i = l,...,n, (4.4) 

where \X] is an arbitrary reference spinor, and the complex parameters ci are constrained by momentum 
conservation to obey 



^c,|i)=0. (4.5) 



1=1 

We also demand that the sum of momenta be unchanged under an all-line supershift only when all external 
momenta are summed. Specifically, we require 

^c,|z)^0 (4.6) 

for all proper subsets a of consecutive external lines. The MHV generating function (|4.3p is manifestly invari- 
ant under this shift. Furthermore, it was shown in ref. [6] that N'^MHV generating functions ^n^^^"^ {ilia) , 
and thus all N'^MHV amplitudes, fall off at least as l/z'^ under an all-line shift. Therefore all amplitudes in 
TV = 4 SYM theory may be represented by the MHV vertex expansion. 



We generalize the shift (j4.4p to a holomorphic all-line supershift 



\i] \i] + z Ci\X], |i) -> rjia -> rjia + zarjxa for -j = l,...,n. 



(4.7) 



where, in addition to the reference spinor \X], we introduce four arbitrary reference Grassmann parameters 
flXa- We still impose the conditions (|4.5[) and (|4.6p . The former in particular implies that 5{^^^^^\i)riia) is 
invariant under the supershift (|4.7|) since 

n n n n 

^\i)ma ^\i)'nta + z^c^\i)-qxa=^\i)'nta- (4.8) 

Consequently, the MHV generating function (|4.3p is invariant under a holomorphic all-line supershift. In 
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section \4A\ we study the behavior of anti-MHV generating functions under this shift. In sec. 14.21 we will 
show that the N'^'MHV generating function falls off at least as l/z'^ under an all-line supershift, and in scc.[5l 
we will use its recursion relation to derive the super MHV vertex expansion. 



4.1 Anti-MHV generating functions 

We now consider the behavior of anti-MHV generating functions under supershifts. Due to their simplicity, 
anti-MHV generating functions are the ideal testing ground to study the large- ^; falloff of generating func- 
tions under supershifts. We will examine this falloff for both generic holomorphic all-line supershifts and a 
particularly interesting restricted class of such supershifts. 

The n-point anti-MHV generating function, expressed in terms of the conjugate Grassmann variables fjf , 
is given by 

The numerator of the anti-MHV generating function, 

s'-'^ ( E 1*1^0 = i n E j1 ' (4.10) 



a—1 — 1 



may be recast as a function of rji, 



g^s)fj2\iw) ^ nLi j:i....,j„=i [.n.n] ■ ■ ■ 



i=l 



' [2(n-2)!]* 
Here, we used the Grassmann Fourier transform (GFT) [16, 19]: 

fm ^ /(^.a) ^ /n^^«"e^p(E''^"^')/(^?)- (4-12) 



b,3 



Hence the anti-MHV generating function is given by [5] 



Ila=l Ej'i,...j„=l e^'^^'^'"^" [jlj-l] Vj.a ■ ■ ■ Tlo„a 



[2(n-2)!] n,;=iK* + l] 

The sum over e3ii2---jn [jj^j^] r^j^a ■ ■ 'Vjna is invariant under a BCFW supershift (|4.2p . Therefore the anti- 
MHV generating function, just as the MHV-generating function, falls off as 1/z (or l/z^) under a BCFW 
supershift. 

Under a holomorphic all-line supershift (j4.7[) . the sum over e^i^^ - jn [jij2]rij^a ■ ■ ■ flj„a generically picks 
up a piece linear in z; higher powers of z cancel due to the antisymmetry of e-'^-'^'"-'" . Since each square 
bracket in the denominator of eq. (|4.13p generically goes as z, the anti-MHV generating function vanishes 
as for large z under a holomorphic all-line supershift (|4.7p . Since an 7i-point anti-MHV amplitude is 

an N'^'MHV amplitude with k = n — A, we conclude that 

1 



^r^(^«) - - (4.14) 

under a generic holomorphic all-line supershift. 

While the falloff (|4.14p is sufficient to derive all-line supershift recursion relations for anti-MHV generating 
functions with n > 4 external legs, it is worthwhile to examine whether the 1/z'' falloff can be improved for 
a careful choice of shift parameters. This possibility is interesting for two reasons. First of all, improved 
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large z behavior implies the presence of additional sum rules. Secondly, a faster falloff could justify a super 
MHV vertex expansion for generating functions in A/" = 8 supergravity. The simplicity of the anti-MHV 
generating functions allows us to explicitly test the possibility of improved large z behavior. 

As we will now see, the anti-MHV generating function indeed falls off faster than under a restricted 

class of holomorphic all-line supershifts. Expand the square spinor \X\ and the Grassmann parameters r\xa 
in (1121) as 

■n n 

\X] = J2 ^' Nl' = H ■ (4-15) 

1=1 i=i 

Note that we use the same expansion coefficients di for both \X] and rjxa, which is a very special non-generic 
choice. Under such a supcrshift, one may show that 

n n n 

E [Jlj2]%3a - (l+Z^Qd.) J2 ^'^'"■■■'"[.7l.?2]r?,3a (4.16) 

Wc now further restrict the parameters di in eq. (|4.15p to satisfy 



E 



c^d, = 0, (4.17) 




making the numerator of eq. (|4.13p invariant under the supershift. Since each square bracket in the denom- 
inator of eq. (|4.13p goes as z (for n > 4), the anti-MHV generating function vanishes as 1/z" at large z. The 
generic l/z'^ behavior under a holomorphic all-line supershift is thus improved, and we have 

(4.18) 

The significance of this result is that it implies the validity of a super MHV vertex expansion for anti-MHV 
generating functions in Af = 8 supergravity, as we will argue in section l6l 

The improved falloff (|4.18p does not hold for n = 4 external legs. As anti-MHV four-point functions 
are also MHV, they must be invariant under any holomorphic all-line supershift and cannot possibly go as 
1/z^. In fact, the kinematics of four-point functions ensures that the square brackets in the denominator 
of eq. (|4.13p arc invariant under supershifts that satisfy the condition (|4.17p . The generating function for 
four-point anti-MHV amplitudes is thus indeed invariant under such a supershift. 

It is instructive to derive the result (|4.18p in a different way by considering the anti-MHV generating 
function in the form (|4.9p . When condition (|4.17|) holds, the linear shift on 7]ia is equivalent to a linear shift 
on fjf in the Fourier-transformed generating function J- {fjf). In fact, for any hmctions f{rjia) and /{fjf) 
which are related by a Grassmann Fourier transformation, one has 

f{Vta + ZC^J2j djVia) J Y[ dVta exp E '"^i^jfc) /(^^^ + ZC^J2j djTJja) 

i,a b,j 

i,a b,j 

(4.19) 

Here, the condition (|4.17p was necessary to show that the change of variables r][^ ~ rjia + zct'^j djrjja implies 
Via = "n'ia ~ ^'^i^j djVja ^^'^ guarantee that the measure is invariant under the change of variables. We 
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conclude that the conjugate Grassmann variables transform linearly under a supershift: 

(4.20) 





n 




n 




Via - 








when Cid; = . 




J = l 






1=1 



Note that the roles of Ci and di are reversed in the shifts of rjia and 77° . 
Since by eq. (|4.15p we have 

|z]^|»]+zc,^d,|j], (4.21) 

it follows that X^'iLi N^f ^^^"^ therefore J^®^ ( X^iLi invariant under this restricted class of supcrshifts0 

The improved I/2" falloff is then manifest in the anti-MHV generating function (|4.9p . 



4.2 N^MHV generating functions under all-line supershifts 

We now show that generating functions for N'^MHV amplitudes fall off at least as l/z*^ for large z under 
all-line supershifts with shift parameters \X] and r]xa- For k > 1 these supershifts thus give valid recursion 
relations. As we will show in the following section, the associated recursion relations imply the super MHV 
vertex expansion. Our derivation of the falloff is based on the ordinary MHV vertex expansion of the 
generating function, whose validity was established in rcfs. [5,6]. An alternative derivation, based on the 
super BCFW recursion relations of ref. [13-16] is outlined in appendix lA.il 

Consider the behavior of each of the terms in the ordinary MHV vertex expansion (|3.29p under a generic 
holomorphic all- line supershift (|4.7p . Crucially, we use a reference spinor \Z] in the ordinary MHV vertex 
expansion that docs not coincide with the spinor |A"] appearing the supershift (|4.7p . We demand [XZ] ^ 0. 
The shift then acts on the CSW spinors in an MHV vertex diagram as 

jPaJ - ^ P^JZ] - P^JZ] + z J2 Cj\j)[XZ] . (4.22) 

Condition (|4.6p ensures that the 0{z) term on the right hand side docs not vanish. For any external line 
i, and any two internal lines P^^ and Pag of an MHV vertex diagram, we then find the following shift 
dependence: 

{iPa,)^z, (Pa^Pag)-^z\ (4.23) 

We can thus associate one power of z with each occurrence of IPua)- As the CSW spinor |Pq-^) of each 
internal line a a appears four times in the cyclic factors of the denominator of (|3.29p . we have 



1 

Z4k ■ 



(4.24) 



cyc(/i) • • ■cyc(/fc+i) 
The spin factors in the numerator of (j3.29p shift as 

Y,{tPaA)ma = C,Cj{^j)[XZ]lUa + Oiz) = 0(z) , (4.25) 



thus overall the numerator goes at most as z^'^. Taking into account the shift dependence of each of the k 
propagators, l/P^^ ~ 1/^ j we conclude that the MHV vertex expansion of the generating hmction, diagram 



If we impose the even stronger condition Cidi = for each i, then the holomorphic all-hnc supershift is manifestly a 
composition of several [p,q) supershifts l|4.2|l and the invariance of JDILi lAVi automatically follows. Note, though, that such 
a shift is no longer an all-line shift, as we need to set at least one = to satisfy this stronger condition. 
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by diagram, falls off at least as 



■N"MHV 



[ma) 



(4.26) 



under holomorphic all- line supershifts. 



5 The super MHV vertex expansion from all-line supershifts 

In this section we derive the super MHV vertex expansion from holomorphic all-line supershifts. The proof is 
a generalization of the derivation of the ordinary MHV vertex expansion in ref. [6] . We will thus emphasize 
the new aspects of the current proof, referring the reader to the details in ref. [6] for steps that proceed 
analogously. 



5.1 All-line supershift recursion relations 

We proved in scction|3]that N^-'MHV generating functions T^^^^"^ {r\ia) with fc > 1 vanish as z cxo under an 
all-line supershift. All-line supershifts can thus be used to derive a recursion relation for Tf^ ''^™^(?7,a)- Each 
diagram in the recursion relation is the product of two generating functions, connected by a scalar propagator 
We denote the set of external states on one subamplitude by a, and their associated Grassmann 
variables by {?7ia}iGa- Similarly, on the other subamplitude we denote the external states and associated 
Grassmann variables by a and {r?ia}iGai respectively. The generating functions of the two subamplitudes 
also depend on the Grassmann variable ??p„a associated with the internal propagator line. In the recursion 
relation we need to carry out the intermediate state sum by acting with the Grassmann differential operator 
D^a^ ~ ria^/^'^^^cQ- We thus obtain 

1 '^^1 -r-N'MHV/'- _p . r - i „ ^ -r-N<''-'-i' MHV ('^ P • \ _ ^ '\ 

T7N'''MHV _ ^ V ' " ' I'liafiea i 'IPaaj -> l^"; a j \'lia}i£a j 'IPaaj 

9=0 a 



(5.1) 



The notation d, a, Pa,f}ia indicates that the momenta and Grassmann variables of the subamplitudes are 
shifted. They are evaluated at z = satisfying the pole condition P^{z) = 0, i.e. 

(5.2) 



Condition (|4.6p ensures that Za is always well-defined, and thus all possible diagrams a contribute to the 
recursion relation. Since Pa is null when z = Zq, we can write 

Pa = \Pa)[Pa\ =^ IP.) = ^ = ^ . (5.3) 

[PaX] [PaX] 

Finally, the symmetry factor i in eq. (j5.ip is necessary because, for each channel a, we now also include the 
equivalent term with a «-> a in the sum. 
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5.2 NMHV generating function 



At the NMHV level, all subamplitudes in the recursion relation (|5.ip are MHV. Using the MHV generating 
function (12.31) we obtain 



NMHV 



diagrams a 



cyc(/i) Pi cyc(/2 



where |Pq) in the numerator, and in the cyclic factors in the denominator, is given by eq. ([5 
0\A)5^^'^{B) = (5(^)(A)(5(^'(y4 + B) and the invariance of X^iLiK)'?" fro™ eq. (g^, we obtain 



■NMHV 



E 



iiagi ams a 



cyc(/r)P„^cyc(/,)ll^^^^"^^^' 



Since all factors of \Pa X\ cancel, we used the CSW prescription 

|P„) ^ P„|X] = |P„) 

for all occurrences of |Pq,) in the numerator and the cyclic factors in the denominator of eq. (|5.5I 
Let us now examine the effect of the shifted f]ia in eq. (|5.5p . We find 



where we inserted from eq. 



in the last step. We obtain 

4 



jrNMHV „ ^ 



n 



cyc(/i) P2 cyc(/2) , 

diagrams ct v / ct a— 1 



(5.4) 
Using 

(5.5) 
(5.6) 



(5.7) 



(5.8) 



We have thus reproduced T^^^"^ {rjia]rjxa) given in eq. (|3.1ip . i.e. the form of the NMHV generating function 
associated with the super MHV vertex expansion. 



5.3 N^MHV generating function 

Let us now use eq. (|5.ip to determine the generating function at the N^MHV level. One subamplitude is 
again MHV, for which we use the MHV generating function in the form (|2.3p . For the NMHV subamplitude, 
it is crucial that we use the generating function (|5.8p associated with the super MHV vertex expansion, and 
that we use the same reference parameters \X], rjxa in the generating function as in the all-line supershift. 
The NMHV generating function contains a sum over channels which we denote by (3. The propagator line 
Pa is an "external" line of the NMHV subamplitude, but we choose f3 to not include this line (Pq, ^ /3), so 
that both a and (3 only contain external lines of the full amplitude (see figure . 



A short calculation analogous to that in ref. [6] gives 



J". 



■N^MHV 



n 



cyc(/i)cyc(/2)cyc(/3) P2p|(z„) 



E^* ^/9>'?m + P^{Za) VXa 



(5.9) 



Note that the angle brackets {i Pp) (including those implicit in cyc(/2) and cyc(/3)) are unaffected by the 
shift because 

\Pp{za)) = Pp{za)\X]^Pp\X] + ZaY,cMXX]^Pp\X] = \Pp). (5.10) 

ie/3 
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jjMHV ^NMHV 



Figure 3: A diagram a of the all-line supershift recursion relation of an N^MHV generating function. The 
super MHV vertex expansion is substituted for the NMHV subamplitudc, and the internal line Pp of the 
super MHV vertex diagram is evaluated at shifted momenta. 



To simplify the last factor in eq. (|5.9p . we employ the crucial identity 





h Pl{Za)riXa = Pl3)riia + Pp VXa , 







where we used 



z^Y.^iPp)^Pl{z^)^P\ 



(5.11) 



(5.12) 



Note that the identity (|5.1ip relies on the fact that the all-line supershift recursion relation and the NMHV 
generating function for the subamplitudc are based on the same reference parameters \X\ and r\xa- We can 
then rewrite eq. (|5.9p as 



■N^MHV 



E 



^ cyc(/i)cyc(/2)cyc(/3) P^Pjizo.) _ 



)riia + PI VXa 



VXa 

L iG/3 



Symmetrizing the sum in a (3 and using the identity [21] 

1 1 



P^Pliz^) Pl{zp)Pl PiPj 



we find 



N^MHV 



2 cyc(/i)cyc(J2)cyc(/3) P^Pj 



Via '^Pa VXa 



J2{^PpHa+Pl VXa 

J L ie/3 



(5.13) 
(5.14) 

(5.15) 



As there was no restriction on our original sum over a, we are counting each distinct MHV vertex diagram 
twice in eq. (|5.15p . The factor of i compensates this overcounting. We then have (after relabeling a — > ai 

and P —>■ Q!2) 



^ 1 



N^MHV 



E 



s^'KT:=,\^Ha) 



2 4 



MHva-:._ cyc(/i)cyc(/2)cyc(/3) P^, ^J^ 

{ai ,a2 } 



Y^ilPc^Ha+P^ 



,VXa 



ieaA 



(5.16) 



We have thus derived the super MHV vertex expansion (|3.3ip at the N^MHV level. 
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5.4 All tree amplitudes 



The generalization to the N'^MHV generating function with fc > 3 is straightforward. We continue inductively 
in k, plugging in the super MHV vertex expansion for the N'^MHV subamplitudcs {q < k) in the recursion 
relation (|5.1|) . We use the same reference parameters \X], rjxa in the subamplitudcs as in the all- line 
supershift recursion relation. The proof proceeds precisely as in ref. [6], except that we need to use the 
identity (|5.11[) for all channels /3i, . . . , /3q appearing in an N'^MHV subamplitude. The only remaining shift 
dependence then resides in the propagators, and using the identity [21,6] 

^ ^ 1 1 

we obtain the generating function 



{ai,...,ak} 



{iPcAHa + P^A^Xa 



iGttA 



(5.18) 



This generating function coincides with the super MHV vertex expansion (j3.3ip . and completes our deriva- 
tion. 

As a consistency check, one can show that the super MHV vertex expansion immediately implies the 1/ z'^ 
falloff of N'^MHV generating functions under all-line supershifts. This check is carried out in appendix lA. 21 



6 Discussion 



In this paper we have presented a new family of representations for the generating functions of A/" = 4 
SYM theory, the super MHV vertex expansion. The diagrams of this family of representations depend on 
a reference spinor \X] and on four reference Grassmann parameters rjxa, which may be chosen arbitrar- 
ily. We have shown that the super MHV vertex expansion arises both from a particular supersymmetry 
transformation on the ordinary MHV vertex expansion, and from the recursion relations associated with 
holomorphic all-line supershifts. This family of shifts similarly depends on reference parameters \X] and 
rjxai which then results in the dependence of the super MHV vertex expansion on these parameters. The 
ordinary MHV vertex expansion corresponds to the special case rjxa = 0, but certain non-trivial choices for 
Vxa can significantly reduce the number of diagrams contributing to the expansion and thus simplify the 
task of computing amplitudes. 

The efficient computation of on-shell tree amplitudes of A/" = 4 SYM theory has various applications. 
For example, tree amplitudes arc an important ingredient for the computation of loop amplitudes using 
(generalized) unitarity cuts [22-31]. The scattering amplitudes of A/" = 4 SYM theory are of particular 
interest, as the AdS/CFT correspondence permits insights into their strong coupling behavior (see e.g. [32] 
and references therein). 

Another application is the computation of on-shcU tree amplitudes of A/" = 8 supcrgravity, which can 
be expressed in terms of A/" = 4 SYM amplitudes through the KLT relations [33] . They then also play an 
important role in the study of TV = 8 supcrgravity at loop level [34] . Loop amplitudes in A/" = 8 supcrgravity 
exhibit surprising properties [16,35-38], and their UV behavior has recently been under intense investigation 
due to the possible perturbative finiteness of the theory [31,34,39-45]. 

KLT relations can be used to relate not only the on-shcU tree amplitudes of A/" = 8 supcrgravity and 
TV = 4 SYM, but their generating functions as well. Very recently, this was carried out in [46] using the 
generating functions [13] based on dual superconformal symmetry [12,15,19,47-57], and using the KLT 
relations in the form of ref. [58]. The final expression for the resulting J\f = 8 supcrgravity generating 
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function contained far fewer terms than naively expected [46]. It would be interesting to see whether a 
similar simplification occurs when the generating function of the M = A (super) MHV vertex expansion is 
used to determine an A/" = 8 supergravity generating function via KLT. 

It would also be interesting to find generating functions for A/" = 8 supergravity amplitudes directly from 
TV = 8 recursion relations. To derive recursion relations, one needs to determine shifts (or supershifts) under 
which an amplitude (or generating function) vanishes as the deformation parameter z is taken to infinity. 
Af ~ 8 supergravity amplitudes generically do not vanish under holomorphic shifts when the number n of 
external lines becomes large. In fact, under holomorphic shifts, amplitudes go as z"^^ for some integer £. 
For example, pure-graviton NMHV amplitudes go as z"^^^ under a holomorphic shift of the three negative 
helicity graviton lines [10,59]. The MHV vertex expansion for gravity [21] is then not valid for graviton 
NMHV amplitudes with n > 12 external lines. The falloff becomes even worse for more general external 
states, and the MHV vertex expansion in M — 8 supergravity has not even been established for general 
5-point NMHV amplitudes, and has been shown to fail for certain scalar amplitudes at the 6-point level. 

In this paper, we found that holomorphic all-line supershifts with suitably chosen shift parameters yield 
l/z'^'+"' suppression for anti-MHV amplitudes in A/" = 4 SYM theory. This immediately implies, via the KLT 
relations, that M = 8 supergravity anti-MHV generating functions with n > 4 external legs go at least as 
^n-ii-2fc _ m^jgj. a suitable holomorphic all-line supershift. A valid recursion relation, namely the 

super MHV vertex expansion for JV = 8 supergravity, can thus be derived at the anti-MHV level[ll| It would 
be interesting to determine the precise form of this expansion, and to study the sum rules implied by rjxa 
independence^ It would be particularly interesting to see whether the improved falloff of l/z'^+'* in A/" = 4 
SYM theory, and thus the improved falloff of at least 2:""^^^^'^ in A/ = 8 supergravity, can be generalized 
beyond the anti-MHV level. If so, the validity of a super MHV vertex expansion for A/ = 8 supergravity 
could also be extended beyond the anti-MHV level. 

In this paper, we presented the super MHV vertex expansion as an on-shell recursion relation associated 
with a complex shift. Various off-shell approaches, however, have also proved useful to gain insights into 
the ordinary MHV vertex expansion [61-70]. It would be interesting to see whether the super MHV vertex 
expansion has a natural interpretation in an off-shell framework. 
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A Large- 2; falloff under holomorphic all-line supershifts 

using the super BCFW recursion relations 

In this appendix we outline the derivation of the 1/z'' falloff of N^-'MHV generating functions under holomor- 
phic all-line supershifts using the supersymmetric generalization of the BCFW recursion relation [13-16]. 

To see this, observe that all-hne supershift recursion relations express an n-point anti-MHV generating function purely 
in terms of lower-point anti-MHV generating functions and 3- or 4-point MHV generating functions. A super MHV vertex 
expansion for arbitrary anti-MHV generating functions in A/" = 8 supergravity can thus be established inductively in n. 
Other interesting sum rules for J\f = 8 supergravity were recently studied in [60]. 
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This gcncrahzcs the derivation of ref. [6] from ordinary aU-linc shifts to all-Une supershifts. 

The Xjz^ faUoff of the N'^'MHV generating function T^ '^"^^ (j]ia) under an ordinary all-Unc shift was 
derived in ref. [6] by recursively studying the behavior of the BCFW representation of N'^MHV ampUtudes. 
The inductive argument presented there rcUcd on three facts: 

1. Each A/" = 4 SYM amphtudc admits at least one valid BCFW recursion relation [5, 71, 72] . 

2. An all-line shift on an amplitude acts, to leading order in z, as an all-line shift on the subamplitudes 
of each diagram in its BCFW representation. 

3. The falloff of Xjz^ is valid for all MHV and anti-MHV amplitudes. 

As a generalization of this argument, we now use the super BCFW recursion relations to study the behavior 
of generating functions under all-line supershifts. It suffices to repeat steps (l)-(3) for this case, and we will 
now briefly outline how this is done. 

As shown in ref. [16], all generating functions vanish at large z under a super BCFW shift (|4.2p for any 
choice of two lines p and q. and thus admit a valid super BCFW recursion relation. This establishes the 
analog of (1). 

For (2), we need to show that an all- line supcrshift on the entire generating function acts, to leading 
order in z, as an all-line supcrshift on the subamplitudes of each diagram in the super BCFW representation. 
Notice that the kinematics are unaltered compared to the ordinary all- line shift, and the analysis of ref. [6] 
thus establishes that the angle and square brackets of the super BCFW subamplitudes are subject to a 
holomorphic all-line supcrshift. In particular, it follows from ref. [6] that the square spinor associated with 
the internal line of momentum Pq, in a \p, q) super BCFW recursion relation shifts as 

|P„] zcpJX] + 0{l), with cp„=VqM (A.l) 

under the all-line supcrshift. It remains to analyze the dependence of the super BCFW subamplitudes on the 
Grassmann variables. We recall from eq. (|4.8|) that all-line supershifts are designed to leave the argument 
of the overall J^*-* in the generating function invariant. For any super BCFW diagram characterized by an 
internal line of momentum Pa , it is easy to show that the change in the argument of the S^^'^ of either of its 
subamplitudes is 0(1) under the all- line supcrshift provided that the Grassmann variable associated with 
the internal line undergoes the shift 

VPca r]Pa.a + ZCp^rjXa, (A. 2) 

where cp^ is defined in eq. (jA.ip . The Grassmann variables ijp^a are integrated over to carry out the 
intermediate state sum in the super BCFW diagram. Therefore, the shift (|A.2[) can be implemented as a 
change of variables in the Grassmann integral over r/p^a- After this change of variables, an all-line supcrshift 
on the whole amplitude manifestly acts, to leading order, as an all-line supcrshift on the super BCFW 
subamplitudes. This establishes the analog of (2). 

The analog of (3), i.e. the l/z*^ behavior of MHV and anti-MHV generating functions under all- line 
supershifts, was established in section H?T1 The inductive argument of ref. [6] for ordinary all- line shifts thus 
carries over to the case of supershifts. 

A. 2 j^rN^^MHV ^ ^^^k using the super MHV vertex expansion 

In this paper, we have seen the super MHV vertex expansion emerge from two different approaches: first, 
in section [3l as a supersymmetry transformation of the ordinary MHV vertex expansion, and second, in 
section [SJ as the recursion relation implied by all-line supershifts. In this appendix we close the loop and 
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show that the super MHV vertex expansion immediately imphes the faUoff of N'^MHV generating 

functions under all-Hne supershifts. This serves as another consistency check on our result. 

Consider the action of an all-line supershift (|4.7p on the n-point N'^MHV generating function. We 
choose to represent this generating function as the super MHV vertex expansion (|5.18p with the reference 
parameters \X] and rjxa chosen to coincide with those of the supershift. Inspecting eq. ()5.18p . we find that 
all k propagators shift as 1/-Pq^ ~ 1/^, giving suppression. The cyclic factors in the denominator are 
invariant because the CSW spinors IPqa) ^-^'^ invariant by eq. ()5.10|1 . The spin factors X]jGQ4(*^ctA)'?ia + 
P^^rjxa in the numerator are also invariant, by the identity (j5.11|) . We thus find l/z'' suppression diagram- 
by-diagram in the super MHV vertex expansion, and conclude that N'^MHV generating functions fall off at 
least as 1/z'' under all- line supershifts. As we saw in section |4?T| the falloff can be even stronger for certain 
amplitudes and shifts, but unfortunately the super MHV vertex expansion is not sensitive to this stronger 
falloff, which arises through cancellations between diagrams. 

This argument was, not surprisingly, simpler than the derivations of the falloff from the ordinary 
MHV vertex expansion and the super BCFW recursion relation that we presented in section 14.21 and ap- 
pendix [XTl respectively. Just as the falloff under ordinary all-line shifts was naturally shown from the 
ordinary MHV vertex expansion with coinciding reference spinor in ref. [6], we have now done the same for 
all-line supershifts using the super MHV vertex expansion with coinciding reference spinor and coinciding 
reference Grassmann parameters. 
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